Abstract. We present an explicit realization of abelian extensions of infinite dimensional Lie groups using abelian extensions of path groups, by generalizing Mickelsson's approach to loop groups and the approach of Losev-MooreNekrasov-Shatashvili to current groups. We apply our method to coupled cocycles on current Lie algebras and to Lichnerowicz cocycles on the Lie algebra of divergence free vector fields.
Introduction
In infinite dimensions Lie's third theorem is not valid: there exist Lie algebras which do not correspond to any Lie group. In particular given a connected infinite dimensional Lie group G, not every abelian Lie algebra extension a →ĝ → g of its Lie algebra g comes from a Lie group extension of G. The obstructions determined in [15] involve the fundamental and the second homotopy groups of G. For instance if G is simply connected, the integrability condition for the Lie algebra extension g described by the Lie algebra 2-cocycle ω on g with values in the g-module a, reduces to the discreteness of the period group Π ω ⊂ a of the cocycle ω. Under this assumption, for any discrete subgroup Γ of the space a G of G-invariant elements of a, containing the period group, there exists a corresponding abelian Lie group extension A →Ĝ → G of G by the G-module A = a/Γ.
Much studied is the central extension of the loop group G = C ∞ (S 1 , H) of a simple Lie group H. With a suitable multiple κ of the Killing form of the Lie algebra h of H, a Lie algebra 2-cocycle on the loop algebra g = C ∞ (S 1 , h) is ω(X, Y ) = 2 S 1 κ(X, dY ).
When the simple Lie group H is simply connected then G is also simply connected, and the period group is Π ω = Z, so ω is integrable. Explicit constructions of the corresponding central extension T →Ĝ → G of the loop group G by the circle T = R/Z can be found in Chapter 4 of [18] , in [11] , [13] , and in Chapter 4 of [12] . The approach in the book of Pressley-Segal [18] is very general: one considers a simply connected prequantizable manifold (M, Ω) (i.e. Ω is a closed integral 2-form on M and there is a principal circle bundle P over M with a principal connection having curvature Ω), together with a G-action preserving Ω and one pulls back Kostant's prequantization central extension [7] to G by this action. More precisely the resulting extensionĜ is the group of all fiber preserving diffeomorphisms of P which preserve the connection 1-form and cover an element of G. A concrete description of the central extension of G obtained in this way, using paths in M , is given there. Central Lie group extensions associated to Hamiltonian actions on a prequantizable manifold (M, Ω) are considered in [17] . A generalization of this approach to abelian extensions is the subject of [21] .
A second approach [11] and [12] is due to Mickelsson: the central extension of the loop group is explicitly realized as a quotient group of a central extension of the group of currents on the 2-disk D. The last central extension is given by the group 2-cocycle c(f, g) = D δ l f ∧ κ δ r g, where δ l and δ r denote the left and right logarithmic derivative. This construction is generalized to central extensions of current groups on Riemann surfaces in [3] . The construction of central extensions of current groups on arbitrary compact manifolds [9] is due to Losev-Moore-NekrasovShatashvili explicitly using the path group of the current group.
In this paper we generalize this last approach, obtaining a path group method for the construction of abelian Lie group extensions. We consider a connected Lie group G and the exact sequence of Lie groups Ω 0 G → P G →G whereG is the universal covering group, P G the path group and Ω 0 G its subgroup of null-homotopic loops. We also consider a 2-cocycle ω on g with values in the g-module a, having a discrete period group, and the discrete subgroup Γ ⊇ Π ω of a G with A = a/Γ. An abelian Lie group extension ofG by A integrating a ⋊ ω g is obtained as the quotient of an abelian Lie group extension A ⋊ c P G, by the graph of a map λ : Ω 0 G → A. The group cocycle c : P G × P G → A, as well as the map λ are explicitly given by formulas (Theorem 1). A geometric construction of abelian Lie group extensions using the path group is presented in [5] . We show that the two group extensions are isomorphic.
Our method works well in concrete settings, in spite of the heaviness of the formula for c. In Section 4 we specialize to loop groups and current groups. Here a symmetrization procedure applied to c and λ simplify considerably the result, thus recovering the constructions in [12] and [9] . In Section 5 we treat the coupled cocycle on current Lie algebras defined by Neeb in [16] . Finally we use this construction in Section 6 to explicitly realize central extensions of the group of volume preserving diffeomorphisms integrating Lichnerowicz cocycles.
Acknowledgements: I am grateful to Karl-Hermann Neeb for showing me a variant of Theorem 1 belonging to an extended version of [14] , for the coupled cocycle and for useful comments.
The path group
Let G be a Lie group, g its Lie algebra, a a smooth G-module (i.e. the action map ρ a : G × a → a is smooth) and a G the subspace of G-invariant elements. The continuous a-valued Lie algebra 2-cocycle ω on g defines a closed equivariant a-valued 2-form ω eq on G. This means ρ a (g) • ω eq = λ * g ω eq , λ g denoting the left translation by g in G. The period homomorphism of the 2-cocycle ω is by definition
for τ : S 2 → G a piecewise smooth representative of a free homotopy class (a spherical 2-cycle). The image Π ω ⊂ a G of per ω is called the period group of ω. We present van Est's method [2] for obtaining group 2-cocycles by integrating the closed 2-form ω eq over suitable triangles. Let G be a simply connected Lie group and {a g } g∈G a given family of smooth paths, a g : I = [0, 1] → G from e to g. For each f, g ∈ G let Σ f,g be a piecewise smooth 2-simplex in G with boundary f a g − a f g + a f and let C be the map
Because θ f,g,h = f Σ g,h − Σ f g,h + Σ f,gh − Σ f,g is a spherical 2-cycle in G for any f, g, h ∈ G, and because ω eq is equivariant, the map C satisfies the relation
If the period group Π ω of the Lie algebra 2-cocycle ω is discrete and Γ ⊇ Π ω is any discrete subgroup of the space a G of G-invariant elements, we denote the abelian Lie group and smooth G-module a/Γ by A and the quotient map by exp : a → A. Then c = exp •C : G × G → A is a group 2-cocycle independent of the choice of the 2-cycles Σ f,g . When the paths a g are carefully chosen [15] , then c is smooth in an identity neighborhood and ω is the associated Lie algebra cocycle, i.e.
Remark 1. Given a smoothly contractible Lie group G, each smooth retraction h : I × G → G of G to {e} provides a family of smooth paths {a g } from e to g by a g (s) = h(s, g), s ∈ I. Any continuous Lie algebra 2-cocycle ω ∈ Z 2 (g, a) is integrable to a smooth a-valued van Est cocycle C on G given by (2), depending only on the retraction h. One can choose for instance Σ f,g (s, t) = h(s, f h(t, g)), s, t ∈ I.
Let G be a connected Lie group with Lie algebra g. The group of smooth paths in G starting at the identity,
called the path group, is a smoothly contractible Lie group with Lie algebra
the path Lie algebra. Each a-valued Lie algebra 2-cocycle ω on g defines an a-valued Lie algebra 2-cocycle P ω = ev * 1 ω : (X, Y ) → ω(X(1), Y (1)) on the path Lie algebra P g, the evaluation map ev 1 : P g → g being a Lie algebra homomorphism. Via the group homomorphism ev 1 : P G → G, the G-module a becomes a P G-module. With Remark 1 we can integrate P ω to a smooth group 2-cocycle C on the contractible group P G. One can write down an explicit formula for this cocycle using the left logarithmic derivative δ l f ∈ P g for f ∈ P G.
Proposition 1.
A smooth group 2-cocycle on the path group P G integrating the Lie algebra cocycle P ω is
Proof. A smooth retraction of P G to e is obtained by reparametrisation of paths, namely h : I × P G → P G, h(s, g)(t) = g(st) for g ∈ P G and s, t ∈ I. The system of paths {a g } g∈P G in P G defined by h is a g (s)(t) = g(st). It has the property a f a g = a f g for all f, g ∈ P G, so we choose a particular 2-simplex Σ f,g in P G with
The equivariant 2-form on P G defined by P ω is ev * 1 ω eq and the van Est cocycle on
using the G-equivariance of ω eq at step 3 and a change of variable at step 4.
Remark 2. Another group cocycle on P G integrating the Lie algebra 2-cocycle P ω is
. It can be seen as the van Est cocycle associated to the system of paths
From (4) we obtain in particular
By the symmetrization procedure
we get a new group cocycle C sym on P G integrating P ω and having the property
Remark 3. When a is a trivial G-module and ω l the left invariant 2-form on G defined by ω ∈ Z 2 (g, a), then a formula for the van Est group 2-cocycle C on P G integrating P ω is
Remark 4. Given a continuous Lie algebra p-cocycle ω on g with values in the smooth G-module a, a group p-cocycle C on P G integrating P ω is
obtained by integrating the closed equivariant p-form ω eq on G over the p-simplex σ g1,...,gp : (
Construction of abelian Lie group extensions via path groups
Let ω be an a-valued Lie algebra 2-cocycle on the Lie algebra g of the connected Lie group G. We assume that its period group Π ω ⊂ a G is discrete and Γ ⊇ Π ω is a discrete subgroup of a G , and we denote by exp : a → A = a/Γ the quotient map.
The smooth G-action ρ a on a descends to a smooth G-action ρ A on A, because Γ ⊂ a G . In this section we explicitly realize an abelian extension of the universal covering groupG of G by the abelian Lie group A. It is done by factorising an abelian extension of the path group P G (defined with a van Est cocycle) by the graph of a smooth map.
The subgroup ΩG ⊂ P G of loops based at e has a subgroup Ω 0 G ⊆ ΩG of nullhomotopic loops based at e. Both have as Lie algebra the Lie algebra Ωg of loops in g based at 0, moreover Ω 0 G is the identity component of ΩG. The following two sequences of Lie groups are exact:
and have the same exact sequence of Lie algebras Ωg → P g → g.
Let C : P G × P G → a be the van Est 2-cocycle (4) integrating the Lie algebra 2-cocycle P ω on P g. The cocycle c = exp
, s, t ∈ I for f, g ∈ P G, The Lie algebra cocycle P ω vanishes on Ωg. The next proposition will show that the restriction of the group cocycle c to Ω 0 G is a coboundary (both a and A are trivial Ω 0 G-modules).
We consider the smooth map
viewing the pathḡ from e to g in Ω 0 G as a mapḡ : I × I → G. It is well defined since the integral of the closed 2-form ω eq over two homotopic paths in Ω 0 G (hence homotopic maps from I × I to G) is the same.
Remark 5. Identifying π 2 (G) with π 1 (Ω 0 G) ⊂ Ω 0 G, the restriction of Λ to π 1 (Ω 0 G) equals −per ω , the opposite of the period map (1). Indeed, a loop at e of loops in G determines a spherical 2-cycle in G. In particular the map Λ is well defined on Ω 0 G when considered modulo Π ω , hence it descends to a well defined map
i.e. λ(g) does not depend on the chosen pathḡ in Ω 0 G from e to g.
Proposition 2. The identity
holds for all f, g ∈ Ω 0 G. In particular c restricted to Ω 0 G is the coboundary of λ −1 .
Proof. Letf andḡ be paths in Ω 0 G with f =f (1) and g =ḡ(1). The 2-chains
andf +ḡ −fḡ have the same boundary f + g − f g, so they determine a spherical 2-cycle τ f,g = σ f,g −f −ḡ +fḡ in G. Hence the van Est cocycle C(f, g) = σ f,g ω eq on P G satisfies
The projection of this relation to A gives the requested identity.
Remark 6. The stronger relation
also holds, because there always exists a bordism from the 2-cycle τ f,g to e given by (r, t, s) ∈ I × I × I →f (r, s)ḡ(r, st) −f (rt, s) −ḡ(rs, t) +f (rt, s)ḡ(rt, s) ∈ G, forf andḡ paths in Ω 0 G. Still the a-valued van Est cocycle C restricted to Ω 0 G is not a coboundary in general: Λ does not descend to a well defined a-valued map on Ω 0 G. Anyway, following [3] , if (13) is satisfied we say that the map Λ resolves the 2-cocycle C.
Remark 7. The cocycles C ′ and C sym defined in Remark 2 also posess resolving maps. The map
resolves the cocycle C ′ and Λ sym = 
Proof. The graph of λ coincides with the image of the map ϕ : h ∈ H → (λ(h), h) ∈ A ⋊ c G. Because c is the coboundary of λ:
ϕ is a group homomorphism. This follows from
Hence the graph of λ is a subgroup of A ⋊ c G.
It belongs to the graph of λ, i.e. it equals (λ(ghg −1 ), ghg −1 ), if and only if the identity (i) holds.
The kernel of the projection homomorphism (a, g) ∈ (A⋊ c G)/Graph(λ) → gH ∈ G/H is isomorphic to A, hence (A ⋊ c G)/Graph(λ) is an abelian group extension of G/H by A, for the natural G/H-module structure on A. It is a Lie group since Graph(λ) is a split Lie subgroup of A ⋊ c G, H being a split Lie subgroup of G. Theorem 1. Let G be a connected Lie group, a a smooth G-module and ω ∈ Z 2 (g, a) a continuous Lie algebra 2-cocycle with discrete period group Π ω . Let Γ ⊇ Π ω be a discrete subgroup of a G , exp : a → A = a/Γ the quotient map and c the cocycle defined in (8) .
Then the graph of the smooth map λ defined in (10) is a normal subgroup of A⋊ c P G and the quotient group (A ⋊ c P G)/Graph(λ) is an abelian Lie group extension of the universal covering groupG by A, integrating the Lie algebra extension a ⋊ ω g.
Proof.
To apply Lemma 1 to the normal split Lie subgroup Ω 0 G of P G, we verify relation (i) for the A-valued 2-cocycle c on P G and the map λ : Ω 0 G → A.
The boundary of the 2-chain σ f,g for f, g ∈ P G is f (1)g − f g + f and the boundary of the 2-chainf for f ∈ Ω 0 G is f . Let g ∈ P G and h ∈ Ω 0 G withh a path in Ω 0 G from e to h. The 2-chains σ ghg −1 ,g − σ g,h and ghg −1 − g(1)h in G have the same boundary, namely ghg −1 − g (1)h. Integrating ω eq over the spherical 2-cycle ν g,h = σ ghg −1 ,g − σ g,h − ghg −1 + g (1)h and using the G-equivariance of ω eq we obtain
The projection of this identity to A gives (i), showing that the graph of λ is a normal subgroup of A ⋊ c P G. The abelian Lie group extension A ⋊ c P G of P G integrates P ω = ev * 1 ω, hence the quotient group (A ⋊ c P G)/Graph(λ) is an abelian Lie group extension of the universal covering groupG = P G/Ω 0 G integrating ω.
The rows and the last column of the following diagram are exact sequences of Lie groups
There is a geometric construction of an abelian extension ofG using the path group P G presented in [5] . One considers the following equivalence relation on A ⋊ c P G, where c is given by (8):
the second condition on the right meaning that σ is any 2-chain in G having as boundary the loop g 1 − g 2 . Then (A ⋊ c P G)/ ∼ is an abelian extension ofG integrating ω. We show it is isomorphic to the abelian extension in Theorem 1.
A pair (a, g) is equivalent to the identity element if and only if (a, g) belongs to Graph(λ). Moreover, two pairs (a 1 , g 1 ) and (a 2 , g 2 ) are equivalent if and only if the composition (a 1 , g 1 ) −1 (a 2 , g 2 ) taken in A ⋊ c P G belongs to Graph(λ). Indeed, for h ∈ Ω 0 G andh a path from e to h in Ω 0 G,
so (a 1 , g 1 )(λ(h), h) = (a 2 , g 2 ) if and only if g 2 = g 1 h and a 2 = a 1 exp σ ω eq , where σ is any 2-cycle in
Hence the abelian extension (A ⋊ c P G)/Graph(λ) from Theorem 1 and the abelian extension (A ⋊ c P G)/ ∼ are isomorphic.
Current groups
Let M be a compact manifold and H a finite dimensional connected Lie group with Lie algebra h. The current group C ∞ (M, H) with pointwise multiplication is a Lie group with Lie algebra the current algebra g = C ∞ (M, h) (as in [8] Section 42). By G we denote the identity component C ∞ (M, H) 0 of the current group. We consider an invariant symmetric bilinear form
, there is a continuous Lie algebra 2-cocycle on the current algebra,
In the loop group case M = S 1 the space a can be identified with V , so the cocycle on the loop algebra g = C ∞ (S 1 , h) can be taken as
Remark 9. When H is simply connected and simple, the loop group G is simply connected. If κ : h × h → R is the suitably normalized Killing form, V = R and the period group is Π ω = Z ⊂ R. In Chapter 4 of [12] is presented the construction of the central extension of G by the circle T = R/Z, integrating ω. It is explicitly realized as a quotient group of the central extension of the group of currents on the 2-disk D given by the group 2-cocycle c(f, g) = D δ l f ∧ κ δ r g. The generalization of this result to current groups can be found in [9] . The bilinear form κ is a multiple of the Killing form of the simple Lie algebra h, and the space a is Ω 1 (M )/dC ∞ (M ). When κ is suitably normalized, then the period group is the discrete subgroup
of a consisting of all cohomology classes with integral periods. The central extension of the universal covering group
integrating ω is constructed in [9] as a quotient group of the central extension of the path group of G given by the group cocycle
Adapting this construction one gets also the central extension of the gauge group of automorphisms of a nontrivial vector bundle [9] .
Remark 10. The period group of ω is not always discrete; an example with nondiscrete period group can be found in Remark II.10 [10] . The reduction theorem I.6 [10] shows that given a V -valued invariant symmetric form κ, the discreteness of the period group for M = S 1 implies the discreteness of the period group for any compact manifold M . Remark 11. Considering the natural action of h on the symmetric power S 2 (h) induced by the adjoint action, the quotient space
) has a discrete period group Π ω contained in the subspace H 1 dR (M, V (h)). [10] . Assuming the period group Π ω ⊂ a of the continuous Lie algebra 2-cocycle (17) is discrete, we apply Theorem 1 to the identity component of the current group to explicitly realize a central extension of its universal covering group integrating ω.
The path group of G = C ∞ (M, H) 0 and the path Lie algebra of g = C ∞ (M, h) are (by [8] Section 42):
because the path group of a Lie group coincides with the path group of its identity component. Denoting by d x X the exterior differential of X on M and by δ l x g the logarithmic derivative of g on M (viewing t ∈ I as a parameter), we get
An expression for the pullback 2-cocycle P ω = ev * 1 ω on P g is in this case
A 2-cocycle on the path group P G integrating P ω can be obtained from (7) using the invariance of κ, formulas from the appendix and the fact that δ l x g(0, x) = 0 for g ∈ P G and x ∈ M by the following computation:
The group Ω 0 G of null-homotopic loops in the current group G can be identified with the space of those smooth maps g ∈ C ∞ (I × M, H) with g(0, ·) = g(1, ·) = e for which there exists a smooth homotopy (s, t, x) ∈ I × I × M →ḡ(s, t, x) ∈ H withḡ(0, ·, ·) = e,ḡ(1, ·, ·) = g andḡ(·, 0, ·) =ḡ(·, 1, ·) = e. The homotopy class ofḡ is identified with an element of Ω 0 G. The resolving map for the cocycle C defined on Ω 0 G is:
Integrating the pullback of the Polyakov-Wiegmann formula by the map (f ,ḡ) : I × I × M → H × H over I × I, provides another proof that Λ sym resolves C sym .
Coupled cocycle
The coupled cocycle on the current Lie algebra g = C ∞ (M, h) was defined in [16] . It is built with a continuous invariant symmetric bilinear form κ : h × h → V whose image under the Cartan map
is a coboundary, i.e. there is a 2-cochain β ∈ C 2 (h, V ) such that
The corresponding coupled cocycle is
a Lie algebra 2-cocycle on g with values in the trivial module Ω 1 (M, V ). In [16] it is shown that the period map per ω :
Hence there exists a central extension ofG by Ω 1 (M, V ) integrating ω. We explicitly realize this Lie group extension with the path group method.
Remark 13. The coupled cocycle is a lift to Ω 1 (M, V ) of the cocycle
studied in the previous section. In this special case when Γ(κ) is exact, i.e. a coboundary in B 3 (h, V ), the period map of this a-valued cocycle also vanishes.
The pullback cocycle P ω on P g of the coupled cocycle ω integrates to a group cocycle on the path group P G because the path group is contractible. A computation starting from (7), similar to the one in the previous section, together with the symmetrization procedure, gives the Ω 1 (M, V )-valued cocycle C sym on P G as the sum of two cocycles, one has values in the subspace of exact V -valued 1-forms on M , the other one is (f, g) → I δ l f ∧ κ δ r g. More precisely, for f, g ∈ P G we define
and
C β is not a group cocycle in general, nevertheless we consider its symmetrized version C β,sym as in (6) . Then, by a computation which can be found in the appendix,
so
any homotopy with g(0, ·, ·) = e,ḡ(1, ·, ·) = g andḡ(·, 0, ·) =ḡ(·, 1, ·) = e. The computation of the associated resolving map Λ presented in the appendix gives
It follows that
is a map depending only on the endpoint g of the homotopy class [ḡ] . Hence the map Λ sym descends to Ω 0 G and Π ω = Λ sym (π 1 (Ω 0 G)) = 0, this giving another proof that the period group of the coupled cocycle ω vanishes. The restriction of C sym to the subgroup Ω 0 G of null-homotopic loops based at e is the coboundary of −Λ sym : Ω 0 G → Ω 1 (M, V ). for m and C β given by (20) and (21) , and the smooth map Λ sym : 
The group of volume preserving diffeomorphisms
On the compact manifold M we consider an integral volume form µ. Let G = Diff µ (M ) 0 be the connected component of the group of volume preserving diffeomorphisms and g = X µ (M ) its Lie algebra, the Lie algebra of divergence free vector fields [8] Section 43. Its subgroup, the group of exact volume preserving diffeomorphisms, is a Lie group with Lie algebra {X ∈ X(M ) : i X µ is an exact differential form}, kernel of a flux homomorphism [1] .
Given η a closed integral 2-form on M , the Lichnerowicz cocycle The Lichnerowicz cocycle integrates to a central Lie group extension of the subgroup of exact volume preserving diffeomorphisms [6] [4] . It integrates also to a central Lie group extension of the universal coverG of the group of volume preserving diffeomorphisms: the existence is proved in [15] and a construction with Kostant's prequantization central extension is given in [20] . In this section we use the method of Section 3 to explicitly realize this central Lie group extension. Letḡ ∈ Ω 0 G be the homotopy class of a path in Ω 0 G viewed as a mapḡ : I ×I → G andĝ : I × I × M → M ,ĝ(s, t, x) =ḡ(s, t)(x). Let p : I × I × M → M denote the projection on the third factor. The resolving map for C is
